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Full-ﬁeld measurementsThis paper presents an identiﬁcation procedure based on the Virtual Fields Method (VFM) for identifying
in situ mechanical properties of composite materials constitutive phases from 3D full-ﬁeld measure-
ments. The new procedure, called the Regularized Virtual Fields Method (RVFM), improves the accuracy
of the VFM thanks to the imposition of mechanical constraints derived from an appropriate homogeniza-
tion model. The developed algorithms were validated through virtual experiments on particulate com-
posites. The robustness of both the VFM and the RVFM was assessed in the presence of noisy strain
data for various microstructures. A study was also carried out to investigate the inﬂuence of the size
of region of interests on the reliability of the identiﬁed parameters. Accordingly, the optimum size of
region of interest was determined based on full-ﬁeld measurement requirements and accuracy of the
identiﬁed parameters. This study enables determining, a priori, the required magniﬁcation level of 3D
images for composites of any mechanical and morphological characteristics.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Recent studies reveal that in situ mechanical properties of com-
posites constituting phases can be signiﬁcantly different than
those obtained from conventional testing on bulk samples
(Gregory and Spearing, 2005; Hardiman et al., 2012). Such differ-
ences can be attributed to different curing kinetics, different chem-
ical reactions, etc. Reliable in situ mechanical properties are the
key for accurate predictions of damage evolution from microme-
chanical modeling (Koyanagi et al., 2009; Wright et al., 2010).
Recent advances in imaging technologies, like micro-computed
tomography (lCT) (Bay et al., 1999; Martyniuk et al., 2013), enable
the non-destructive observation of internal deformation mecha-
nisms in composites. When coupled with a loading system and
efﬁcient Digital Volume Correlation (DVC) algorithms (Mortazavi
et al., 2014; Bay et al., 1999; Franck et al., 2007; Réthoré et al.,
2011; Bornert et al., 2004), such technologies pave the way for
the accurate in situ characterization of local constituents through
inverse identiﬁcation methods.Several inverse mechanical properties identiﬁcation methods
have been reported in the literature (Avril et al., 2008a) for local
properties identiﬁcation, such as the Equilibrium Gap Method
(EGM) (Claire et al., 2002), the equation error method
(Gockenbach et al., 2008) and the constitutive compatibility
method (Moussawi et al., 2013). The most extensively exploited
approach, however, is the Finite Element Model Updating (FEMU)
method (Okada et al., 1999; Kajberg and Lindkvist, 2004; Gras
et al., 2013). It updates iteratively the material parameters input
into a representative ﬁnite element model to achieve the best pos-
sible match between numerically predicted ﬁelds and their exper-
imentally measured counterparts. The main drawback of this
method is its potentially prohibitive computational cost, especially
when dealing with three-dimensional (3D) problems.
As an alternative strategy, the Virtual Fields Method (VFM)
(Pierron and Grédiac, 2012) enables the direct (i.e. non-iterative)
identiﬁcation of parameters. This method, introduced ﬁrst by
Grédiac (1989), was originally developed to identify the elastic
properties of materials. It has been successfully applied to identify
bending and in-plane properties of composites (Grédiac et al.,
2002a,b, 2003; Avril and Pierron, 2007; Grédiac, 1996; Pierron
et al., 2007). Efforts have also been made to identify the orthotropic
stiffness of laminated composites (Pierron et al., 2000). An exten-
sion of the VFM to 3D has also been proposed by Avril et al.
B. Rahmani et al. / International Journal of Solids and Structures 51 (2014) 3076–3086 3077(2008b) to reconstruct stiffness heterogenities of a phantom con-
sisting of a single stiff spherical inclusion surrounded by a soft
material from 3D full-ﬁeld measurements. The method is known
to be less sensitive to measurement uncertainties and noise, when
compared to other identiﬁcation techniques such as FEMU and
EGM (Avril and Pierron, 2007).
Different sources of errors such as important noise and artifact
created by current lCT scanners, as well as the systematic errors
related to DVC can induce uncertainties to the full ﬁeld measure-
ments. None of the above mentioned identiﬁcation methods,
including the VFM, can guarantee solution uniqueness (nor provid-
ing information about multiple solutions), and variations in the
measured data due to the presence of noise may cause changes
in the identiﬁed parameters.
Regularization constraints have been applied in different identi-
ﬁcationmethods (Florentin and Lubineau, 2010; Oberai et al., 2004)
so as to stabilize the identiﬁcation problem. An improvedVFM strat-
egy, the Regularized Virtual Fields Method (RVFM), has been
recently proposed by the authors (Rahmani et al., accepted for
publication) to determine the in situ properties of ﬁber composites
frombi-dimensional (2D) full-ﬁeldmeasurements. In this approach,
regularization constraints based on a micromechanical homogeni-
zation model were exploited so as to regularize solving the related
system of equations. The RVFM demonstrated to be quite robust
against noise effects, particularly for composites including high
strain heterogeneity. Most of the studies devoted to VFM relied on
2D kinematic ﬁelds. Considering the recent advances in 3D imaging
techniques and the need for local characterization of 3D composites,
it would be of interest to evaluate, at least theoretically, the robust-
ness of such an approach for 3D problems.
The main objective of this research work was to extend the VFM
and RVFM to 3D so as to obtain bi-phasic composites constituents
properties assumed to be uniformwithin each phase. Virtual exper-
imentswere conducted inwhich 3D composites reinforced by parti-
cles of different aspect ratios and volume fractions were simulated.
The virtual composites were artiﬁcially deformed and 3D strain
ﬁeldswere obtained over the voxels of themicrostructures. The per-
formance of both 3D VFM and RVFM was assessed against noisy
strain ﬁelds and for different sizes of Region of Interests (ROIs).
This paper is organized as follows. Section 2 deals with the the-
oretical aspects of the Virtual Fields Method and its extension to
3D. Section 3 introduces the RVFM identiﬁcation methodology
developed for particulate composites. Section 4 is related to the
application of both VFM and RVFM identiﬁcation methodologies
to the virtual composites and the related results, respectively.
The paper ends up with the concluding remarks of the study in
Section 5.
2. Theoretical background
2.1. The Virtual Fields Method
The VFM relies on writing the global equilibrium of a body sub-
jected to a given load through the principle of virtual work (Pierron
and Grédiac, 2012) as

Z
V
r : edV þ
Z
@V
T  udS ¼ 0 8u 2 KA ð1Þ
where V is the volume and @V is the boundary of the body, r is the
stress tensor, u and e are the virtual displacement and the corre-
sponding strain ﬁelds, respectively, T are the tractions acting on the
boundaries and KA stands for Kinematically Admissible conditions.
For linear homogeneous materials, the constitutive equation can be
expressed as:
ri ¼ Qij ej ð2Þwhere Qij are the stiffness components to be identiﬁed and ej are
full-ﬁeld measured strain components coming from experimental
tests. Accordingly, the principle of virtual work stated in Eq. (1)
can be written as:

Z
V
Qij ejei dV þ
Z
@V
Tiui dS ¼ 0 8u 2 KA ð3Þ
In the case of isotropy and considering the matrix representa-
tion of the constitutive Eq. (2), the principle of virtual work (Eq.
(3)) can be written as:
Q11
Z
V
e1e1 þ e2e2 þ e3e3 þ
1
2
e4e4 þ
1
2
e5e5 þ
1
2
e6e6
 
dV
þ Q12
Z
V
e2e1 þ e3e1 þ e1e2 þ e3e2 þ e1e3 þ e2e3

1
2
e4e4 
1
2
e5e5 
1
2
e6e6

dV ¼
Z
Sf
Tiui dS 8u 2 KA ð4Þ
The principle of virtual work is then extended based on a set of
independent KA virtual ﬁelds (test functions). If as many indepen-
dent virtual ﬁelds as there are unknown parameters are chosen, Eq.
(4) leads to the following linear system of equations:
A  q ¼ b ð5Þ
where A is a square matrix, b is a vector whose components are the
virtual work of the applied forces corresponding to each virtual ﬁeld
and q is a vector containing the unknown parameters of Q . The vir-
tual ﬁelds may be chosen among an inﬁnite number of possibilities,
but must meet two conditions: (i) have C0 continuity; (ii) be chosen
such that the resulting equations are linearly independent in order
to the linear system be invertible. The stability of the linear system
against noisy measured data depends strongly on the level of inde-
pendence of the chosen virtual ﬁelds.
2.2. The Regularized Virtual Fields Method
The linear system presented in Eq. (5) is solved directly (i.e. by
matrix inversion method) in the VFM. In the RVFM (Rahmani et al.,
accepted for publication), however, the idea is to solve Eq. (5) in an
optimization framework where, for the purpose of regularization, a
set of mechanically relevant constraints are added. To this end, a
least square objective function is deﬁned as
RðqÞ ¼ A  q bð ÞT  A  q bð Þ ð6Þ
The regularization constraints are deﬁned as the discrepancy
between the effective properties predicted by an appropriate
homogenization model and those obtained from experimental
tests. Hence, the RVFM aims at minimizing RðqÞ subjected to the
following constraints:
ð~KlðqÞ  K^lÞ
  6 c ðl ¼ 1;2; . . . ;MÞ ð7Þ
where ~K and K^ represent the effective mechanical properties
obtained from a homogenization model and from experimental
data, respectively; M is the number of constraints and c is a very
small positive deﬁnite quantity. The constraints are evaluated at
each iteration by updating the sought parameters. Assuming that
the composite effective shear and bulk modulii are known, and also
depend on the matrix and particles properties, the imposed con-
straints restrict the optimization algorithm to follow rational search
directions relying on the effective properties. This regularization
can be interpreted as error averaging of the measured data that
reduces signiﬁcantly the noise effects, thus biasing the solution
towards points very close to those of noise-free ﬁelds. Indeed, add-
ing appropriate physical information when minimizing RðqÞ can
improve the accuracy of the identiﬁed parameters. It should be
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homogenization model is employed in the constraints.2.3. Homogenization models
Homogenization methods deliver estimates for the effective
properties of composites using information related to their consti-
tutive phases mechanical properties and geometry. The Mori–
Tanaka model (Mori and Tanaka, 1973), the Lielens’ model
(Lielens et al., 1998) and the third order approximation (TOA)
(Torquato, 1991) are examples of analytical homogenization mod-
els that have been widely used in the literature. The two latter have
been proven to be more reliable for delivering accurate effective
properties, particularly for composites having high volume frac-
tions and contrasts of properties between phases (Ghossein and
Levesque, 2012).3. Application of the VFM and RVFM to particulate composites
This section details the application of both the VFM and the
RVFM to particulate composites. The methodology followed three
steps: (i) The generation of virtual particulate composites 3D
microstructures of various volume fractions and particles shapes;
(ii) The computation of a 3D strain ﬁelds resulting from imposed
boundary conditions. The strain ﬁelds were perturbed by additive
Gaussian white noise prior to composite properties characteriza-
tion. These modiﬁed ﬁelds were considered as ‘‘measured’’ strain
ﬁelds; (iii) The identiﬁcation of the virtual composites constitutive
phases properties using the resulting ‘‘measured’’ strain ﬁelds.
The RVFM optimization problem was solved by a derivative freeFig. 1. 3D microstructures of the particulate composites: (a) composite A with spherical
volume fraction of 50%, (c) composite B with ellipsoidal particles of aspect ratio 10 at a vo
at a volume fraction of 20%.optimization method (i.e., relies only on objective function evalua-
tion and does not require derivative information) and the relative
constraints values were evaluated by an appropriate homogeniza-
tion model. The following subsections provide methodological
details for the above-mentioned steps.3.1. 3D microstructure of the composites and mechanical properties
The two types of composites studied in this work were com-
posed of an isotropic matrix reinforced by randomly distributed
spherical or ellipsoidal particles, as shown in Fig. 1. The 3D micro-
structures were generated using the Molecular Dynamic (MD)
method implemented by Ghossein and Levesque (2012, 2013).
Table 1 shows the reference mechanical properties considered for
the constitutive phases, where subscripts p and m refer to the par-
ticles and matrix, respectively. The chosen mechanical properties
are typical of E-glass–epoxy composites.3.2. Stress and strain ﬁelds computation
The composites were deformed through applying overall strains
in different directions in order to generate 3D strain ﬁelds. Stress
and strain ﬁelds were computed using a technique based on Fast
Fourier Transforms (FFT) that was initially proposed by Moulinec
and Suquet (1998). The advantage of this method stems from its
rate of convergence and the fact that it does not require meshing.
The method was implemented in detail in Ghossein and Levesque
(2012) and only speciﬁc details related to the current study are
provided in the following sub-sections.particles at a volume fraction of 20%; (b) composite A0 with spherical particles at a
lume fraction of 10% and (d) composite B0 with ellipsoidal particles of aspect ratio 10
Table 1
Reference elastic mechanical properties for the virtual composites.
Composite Volume
fraction
Particles Ep (GPa) mp Em (GPa) mm
A 20 Spherical 74 0.2 3.5 0.35
A0 50
B 10 Ellipsoidal 74 0.2 3.5 0.35
B0 20
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Microstructures were discretized into 256 256 256 voxels.
For each voxel, the position of 9 points was veriﬁed. The stiffness
tensor of the voxel, denoted by CðxÞ, was obtained as follows:
CðxÞ ¼ Cp if 5 points or more belonged to a particle
CðxÞ ¼ Cm Otherwise

ð8Þ3.2.2. Computation of the stress and strain ﬁelds using FFT
The stress and strain ﬁelds were obtained by solving the Lipp-
man–Schwinger equation (Moulinec and Suquet, 1998) in Fourier
space:
enþ1ðxÞ ¼ F1 F enðxÞð Þ  C0ðnÞ : F CðxÞ : enðxÞð Þ½  ð9Þ
where F and F1 refer respectively to the Fast Fourier Transform
and its inverse. C0ðnÞ denotes the Green operator and is expressed
as follow:Fig. 2. Noisy ez for (a) composite A, (b) composite A0 , (c) composite B and (dC0ðnÞ¼ 1
4l0knk2
dkinlnjþdlinknjþdkjnlniþdljnkni
  k0þl0
l0 k0þ2l0
  ninjnknl
knk4
ð10Þ
where n denotes the frequencies in Fourier space. l0 and k0 repre-
sent respectively the shear and Lamé modulus of the reference
material. These moduli were given by:
l0 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lmlf
p ð11aÞ
k0 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jmjf
p  2
3
l0 ð11bÞ
Eq. (9) was solved iteratively until the strain ﬁeld convergence was
achieved. The algorithm was initialized with uniform strains
applied in different directions:
e0ðxÞ ¼
eme 0 0
0 eme 0
0 0 e
264
375 ð12Þ
where em is the effective Poisson’s ratio of the composite and was
computed using the methodology presented in Section 3.3. In this
study, e was set to 0:02. This led to effective stresses rx and
ry  0 (107 in practice) and an effective stress rz ¼ Tz, where
Tz depended on the composites microstructure. Finally, Gaussian
white noise was added to the resulting strain ﬁelds. The standard
deviation of the additive noise was approximately 10% of the mean
strain values. Fig. 2 depicts typical simulated ez ﬁelds, perturbed
with that noise level.) composite B0 , subjected to an overall uni-axial compressive stress in z.
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3.3.1. Effective properties of a single microstructure
The regularization constraints presented in Eq. (7) require the
composites effective properties. The effective stiffness tensor of a
single microstructure bC was deduced from the relation between
the volume averaged stresses and strains:
rðxÞh i ¼ bC : eðxÞh i ð13Þ
where hi represents volume averaging. Six orthogonal deformation
states were applied to obtain all the terms of bC. For example, the
ﬁrst column was obtained by applying a unit strain ﬁeld in the ﬁrst
principal direction (e011ðxÞ ¼ 1 and ejj, for j = 2 to 6, =0). The ﬁve
other columns were computed similarly.
The effective elastic bulk and shear moduli bj and bl, respec-
tively, were then calculated as:
bj ¼ 1
3
bC :: J ð14aÞ
bl ¼ 1
10
bC :: K ð14bÞ
where J and K are the isotropic projector tensors.
3.3.2. Representative Volume Element determination
For each combination of contrasts and volume fractions, the size
of the Representative Volume Element (RVE) was determined
using the methodology of Kanit et al. (2003). For each number of
particles, several random realizations were performed and the
effective properties were obtained for each generated microstruc-
ture. The number of realizations was increased until the width of
a 95% level conﬁdence interval on the mean effective property
was smaller than a prescribed value (see (Ghossein and
Levesque, 2012) for more detail). The procedure was then repeated
for an increasing number of particles until the arithmetic mean of
both effective moduli converged.
After determining RVE size, 3D microstructure of all composites
with 200 particles, which was larger than the RVE, were generated
and the corresponding strain/stress ﬁelds were simulated. These
largest sizes (as shown in Fig. 1) were considered as ROI of dimen-
sion 1 1 1.
3.4. Parameters identiﬁcation with VFM and RVFM
Both VFM and RVFM identiﬁcation methods were applied with
the aim of retrieving the reference elastic parameters of the com-
posites constituents initially used to generate the artiﬁcially ‘‘mea-
sured’’ strain ﬁelds.Fig. 3. Free body diagram of a sample ROI.3.4.1. Identiﬁcation using the VFM
Considering that the whole material was not homogeneous, the
VFM relation presented in Eq. (4) was developed for a two-phase
material. For factorizing the sought parameters out of the volume
integrals, the overall volume of the composite (V) was split into
V  V 0 and V 0, i.e. the matrix and particles sub-volumes, respec-
tively. Hence, after deﬁning Q11;Q12 and Q
0
11;Q
0
12 as the stiffness
components over V  V 0 and V 0, respectively, Eq. (4) becomes:
Q11
Z
VV 0
e1e1 þ e2e2 þ e3e3 þ
1
2
e4e4 þ
1
2
e5e5 þ
1
2
e6e6
 
dV
þ Q12
Z
VV 0
e2e1 þ e3e1 þ e1e2 þ e3e2 þ e1e3 þ e2e3 
1
2
e4e4

1
2
e5e5 
1
2
e6e6

dV
þ Q 011
Z
V 0
e1e1 þ e2e2 þ e3e3 þ
1
2
e4e4 þ
1
2
e5e5 þ
1
2
e6e6
 
dV
þ Q 012
Z
V 0
e2e1 þ e3e1 þ e1e2 þ e3e2 þ e1e3 þ e2e3 
1
2
e4e4

1
2
e5e5 
1
2
e6e6

dV ¼
Z
Sf
Tiui dS 8u 2 KA ð15Þ
Four KA independent virtual ﬁelds had to be chosen for each
microstructure. The virtual ﬁelds were chosen so as to prevent
any rigid body motion, while not perturbing the stress and strain
ﬁelds generated at Section 3.2.2. Fig. 3 shows the values these ﬁelds
took on the boundaries of the studied ROIs. The following different
sets of virtual ﬁelds were tested for all microstructures: Set 1:
uð1Þ1 ¼ x
uð1Þ2 ¼ 0
uð1Þ3 ¼ 0
8><>>: ð16aÞ
uð2Þ1 ¼ 0
uð2Þ2 ¼ y
uð2Þ3 ¼ 0
8><>: ð16bÞ
uð3Þ1 ¼ 0
uð3Þ2 ¼ 0
uð3Þ3 ¼ z
8><>>: ð16cÞ
uð4Þ1 ¼ 0
uð4Þ2 ¼ 0
uð4Þ3 ¼ z
3
3
8>><>>: ð16dÞ
Set 2:
uð1Þ1 ¼ x
2
2
uð1Þ2 ¼ 0
uð1Þ3 ¼ 0
8>><>: ð17aÞ
uð2Þ1 ¼ 0
uð2Þ2 ¼ y
3
3
uð2Þ3 ¼ 0
8>><>: ð17bÞ
uð3Þ1 ¼ 0
uð3Þ2 ¼ 0
uð3Þ3 ¼ z
8><>>: ð17cÞ
uð4Þ1 ¼ 0
uð4Þ2 ¼ 0
uð4Þ3 ¼ z
3
3
8><>>: ð17dÞ
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uð1Þ1 ¼ sinðpx4 Þ
uð1Þ2 ¼ 0
uð1Þ3 ¼ 0
8>><>>>: ð18aÞ
uð2Þ1 ¼ 0
uð2Þ2 ¼ sinðpy4 Þ
uð2Þ3 ¼ 0
8>>><>>: ð18bÞ
uð3Þ1 ¼ 0
uð3Þ2 ¼ 0
uð3Þ3 ¼ z
8>>><>>: ð18cÞ
uð4Þ1 ¼ 0
uð4Þ2 ¼ 0
uð4Þ3 ¼ z
3
3
8>><>>>: ð18dÞ
Set 4:
uð1Þ1 ¼ expðxÞ
uð1Þ2 ¼ 0
uð1Þ3 ¼ 0
8>><>>: ð19aÞ
uð2Þ1 ¼ 0
uð2Þ2 ¼ expðyÞ
uð2Þ3 ¼ 0
8>><>>: ð19bÞ
uð3Þ1 ¼ 0
uð3Þ2 ¼ 0
uð3Þ3 ¼ z
8>><>>: ð19cÞ
uð4Þ1 ¼ 0
uð4Þ2 ¼ 0
uð4Þ3 ¼ z
3
3
8>><>>: ð19dÞ
The virtual ﬁelds of Set 2 and Set 3 shown to be sufﬁciently
independent when employed for the microstructures with ellipsoi-
dal and spherical particles, respectively. The effects of virtual ﬁelds
deﬁnition on the identiﬁed parameters is presented in Section 4.
Consider, for example, the virtual ﬁelds of Set 1. Since the trac-
tions in x and y directions were null, the ﬁrst two components of
vector b were zero. Assuming identical dimensions of the ROI in
all directions (Lx ¼ Ly ¼ Lz ¼ L), the other components of vector b
were determined using the corresponding virtual displacements
b3 ¼
Z L
0
Z L
0
T3ðx; y;0Þuð3Þ3 dxdyþ
Z L
0
Z L
0
T3ðx; y; LÞuð3Þ3 dxdy ¼ 0
þ
Z L
0
Z L
0
F3 zdxdy ¼ F3L3 ð20aÞ
b4 ¼
Z L
0
Z L
0
F3
z3
3
dxdy ¼ F3L
5
3
ð20bÞ
Hence, the following linear system of equations was built up from
Eq. (15) and the virtual ﬁelds presented above:Z
VV 0
e1dV
Z
VV 0
ðe2þe3ÞdV
Z
V 0
e1dV
Z
V 0
ðe2þe3ÞdVZ
VV 0
e2dV
Z
VV 0
ðe1þe3ÞdV
Z
V 0
e2dV
Z
V 0
ðe1þe3ÞdVZ
VV 0
e3dV
Z
VV 0
ðe1þe2ÞdV
Z
V 0
e3dV
Z
V 0
ðe1þe2ÞdVZ
VV 0
e3z2dV
Z
VV 0
ðe1z2þe2z2ÞdV
Z
V 0
e3z2dV
Z
V 0
ðe1z2þe2z2ÞdV
2666666666664
3777777777775
Q11
Q12
Q 011
Q 012
8>>><>>:
9>>>=>>;¼
0
0
F3L
3
F3L
5
3
8>>>><>>>:
9>>>>=>>>;
ð21Þ
The integrals were approximated by discrete sums over the voxel
points. For instance:Z
VV 0
e3dV ’
Xp
i¼1
ei3v
i ð22Þ
where p is the number of data points over ðV  V 0Þ and v i are their
volumes. Appendix A presents the system of equations derived from
Sets 1, 2 and 4.
The linear system in Eq. (21) was solved through matrix inver-
sion method (for the VFM) as well as by using a constrained opti-
mization procedure (for the RVFM) in order to determine the
stiffness components.
The elastic parameters of the constitutive phases were directly
related to the sought stiffness components by the following
relations:
mm ¼ Q12Q11 þ Q12
; Em ¼ Q11ð1 2mmÞð1þ mmÞð1 mmÞ
mp ¼ Q
0
12
Q 011 þ Q 012
; Ep ¼ Q
0
11ð1 2mpÞð1þ mpÞ
ð1 mpÞ
ð23Þ3.4.2. RVFM optimization problem
The relevant equations for each system were used to create a
least square objective functions based on Eq. (6). Hence, the RVFM
consisted of solving the following optimization problem
minRðqÞ ¼ A  q bð ÞT  A  q bð Þ
Subjected to
jejHðqÞ  bjFFT j 6 c1
jelHðqÞ  blFFT j 6 c2
ð24Þ
where superscript H refers to homogenization model, FFT to the
properties computed by the FFT method, and c1 and c2 were set
to 1% of the corresponding effective properties. Lielens and TOA
homogenization models were used for predicting the effective shear
and bulk modulii, respectively, for the microstructures with spher-
ical particles. Lielens homogenization model was also exploited for
the microstructures with ellipsoidal particles.
The optimization problem of the RVFM was solved with the
Mesh Adaptive Direct Search (MADS) optimization method
(Audet and Dennis, 2006), which demonstrated to be quite suc-
cessful in a previous study by the current authors (Rahmani
et al., accepted for publication). MADS is a frame-based global
optimization algorithm for solving nonlinear problems without
requiring derivative information. The method is known to be quite
robust for optimization problems with nonsmooth objective func-
tions subjected to nonsmooth constraints. The VFM solutions were
considered as initial guesses for the RVFM algorithm. The con-
straints values were evaluated at each iteration by substituting
the trial parameters into the related homogenization model, and
their feasibility was checked by the constraints. The stopping
Fig. 4. (a) Schematic representation of a complete sample being submitted to an external load, (b) schematic region of interest for which strains would be computed from a
DVC algorithm applied on images obtained from lCT.
Table 2
Identiﬁcation results for composite A using different sets of virtual ﬁelds in the VFM
for a noise level of 2% (ROI 1 1 1).
Virtual ﬁelds EpðGPaÞ mp EmðGPaÞ mm
Reference values 74 0.2 3.5 0.35
Composite A
Set 1 3.88 0.499 6.22 0.531
Set 2 79.70 0.350 3.32 0.250
Set 3 74.75 0.227 3.51 0.343
Set 4 79.76 0.362 3.25 0.219
Composite B
Set 1 5.54 0.487 4.57 0.247
Set 2 72.10 0.212 3.57 0.343
Set 3 20.80 0.446 4.4 0.269
Set 4 1210 3.19 2.38 0.555
Table 3a
Identiﬁed parameters and corresponding relative errors () for composite A (ROI
1 1 1).
Method Noise
level
EpðGPaÞð%Þ mpð%Þ EmðGPaÞð%Þ mmð%Þ
Reference
values
– 74 0.2 3.5 0.35
VFM Exact
data
73.71 (0.4%) 0.217
(8.5%)
3.53 (0.85%) 0.344
(1.7%)
VFM 10% 70.55 (4.7%) 0.124
(38%)
3.54 (1.1%) 0.360
(2.8%)
RVFM 10% 73.40 (0.8%) 0.213
(7.5%)
3.53 (0.85%) 0.345
(1.4%)
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tion evaluation.
3.5. Parameters identiﬁcation from small ROIs
In practice, for the sake of image magniﬁcation requirements
strain information of a small region as a representative of whole
microstructure (as illustrated in Fig. 4) is processed in DVC mea-
surements for identiﬁcation purposes. The load distribution on
the boundaries of such small volumes is not fully determined.
Indeed, if the ROI is not large enough to be a Representative Vol-
ume Element (RVE), then the overall stresses over its boundaries
will differ from those applied on the whole sample. This represents
an important challenge since the local mechanical properties must
link the internal strains (known) and the stresses (unknown).
Assuming that virtual ﬁelds in the VFM are carefully chosen,
inaccurate values of tractions might affect the accuracy of the iden-
tiﬁed mechanical parameters. On the other hand, strain ﬁelds mea-
sured with DVC at higher magniﬁcations (smaller ROIs) can better
capture heterogenous deformation patterns and discontinuities
created due to phases contrast of properties. Therefore, an optimum
size of ROI which satisﬁes the requirements of both RVE size and
image magniﬁcation must be determined. In this study, the inﬂu-
ence of ROI size on the identiﬁcation procedure for both spheres
and ellipsoids microstructures was investigated. To this end, smal-
ler sub regions with different sizes of 0:65 0:65 0:65,
0:5 0:5 0:5, 0:3 0:3 0:3 and 0:1 0:1 0:1 were considered
for the identiﬁcations. Each ROI was considered as an independent
continuum model (as illustrated in Fig. 3) that was in equilibrium
through the tractions created on its boundaries.4. Results and discussions
4.1. Identiﬁed parameters from the whole microstructure
Table 2 shows the obtained parameters resulting from different
sets of virtual ﬁelds in the VFM for the composites A and B. As it can
be seen, Set 3 and Set 2 led to much more accurate results than the
other sets for composites A and B, respectively. This is because theyconstitute sufﬁciently independent equations in the related sys-
tems. The same two sets were demonstrated to be accurate for
the composites with larger volume fractions (i.e., composites A0
and B0, respectively) and were used for the parameters
identiﬁcations.
Tables 3a and 3b compare the elastic properties identiﬁed using
the VFM and RVFM for composites A and A0, respectively. The cor-
responding relative errors of the identiﬁed parameters resulting
from both methodologies are also reported. The ﬁrst identiﬁcation
was carried out using exact strain ﬁelds (i.e., without any additive
Table 3b
Identiﬁed parameters and corresponding relative errors () for composite A0 (ROI
1 1 1).
Method Noise
level
EpðGPaÞð%Þ mpð%Þ EmðGPaÞð%Þ mmð%Þ
Reference
values
– 74 0.2 3.5 0.35
VFM Exact data 73.49 (0.7%) 0.194 (3%) 3.65 (4.3%) 0.339 (3.1%)
VFM 10% 71.61 (3.2%) 0.224 (12%) 3.82 (9.1%) 0.318 (9.1%)
RVFM 10% 74.01 (0%) 0.182 (9%) 3.47 (0.85%) 0.362 (3.3%)
Table 4
Signal/noise ratio for the constituent phases of different composites.
Composite Spheres Matrix
A 2.27 22.18
A0 4.36 34.45
B 3.30 18.95
B0 3.63 21.81
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Fig. 5. Sensitivity of the effective parameters with respect to variations in the
constituent phases properties for composite A; (a) effective bulk modulus predicted
by TOA method (b) effective shear modulus predicted by Lielens model.
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accurate parameters, except for the particles Poisson’s ratio. It
can be seen that the relative error of the particles parameters iden-
tiﬁed by the VFM increases in the presence of noise, while the
matrix parameters are only slightly inﬂuenced by noise effects.
This is most probably due to the fact that the signal/noise ratio
in the stiffer phase, i.e., the particles, is much lower than that in
the matrix phase. Table 4 shows the signal/noise ratio (i.e., the
ratio of mean strain value to the standard deviation of noise) for
the constitutive phases of the two composites. For the composite
with larger volume fraction of particles (composite A0), however,
the identiﬁed matrix parameters are less accurate than those of
composite A. This might arise from strain concentrations occurring
in the matrix phase embedded between close particles aligned in
the loading directions.
The corresponding results of the RVFM for both volume frac-
tions, which show low relative errors for both phases in the pres-
ence of noise, conﬁrm the robustness of this method. Thanks to
the regularization effects imposed by the homogenization models,
the RVFM results in more accurate parameters than the VFM in the
presence of noise. The lower accuracies for the particles Poisson’s
ratio identiﬁed by the RVFM can be associated to lower sensitivity
of the effective properties to the variations in this parameter than
the other parameters. This is shown in Fig. 5, which presents vari-
ations in the effective parameters with respect to the variations of
constituent phases parameters for composite A. Similar trends
were observed for composite A0 that are not reported here.
Note that the way of computing the integrals in the VFM using
discrete sums, as described in Eq. (22), may also induce biases. No
convergence study of the reconstructed properties as a function of
grid size was performed. However, the chosen grid size was sufﬁ-
cient since convergence studies were performed on its inﬂuence on
the effective properties, which involves integrals computed with
Eq. (22).
Tables 5a and 5b present the identiﬁed parameters for the com-
posites with ellipsoidal particles (composites B and B0), with and
without noise. For the noise-free cases, the VFM results in solutions
very close to the target values. However, the presence of noise
degrades the accuracy of the method, especially regarding the par-
ticles properties. The acquired results indicate that the RVFM is
less sensitive to noise effects and leads to more accurate solutions.
Trends similar to those shown in Fig. 5 were observed for the sen-
sitivity of the effective properties to the variations in the constitu-
ent phases of composites B and B0 (not reported here).4.2. Inﬂuence of ROI sizes on the accuracy of identiﬁed parameters
The mechanical parameters were identiﬁed using both VFM and
RVFM from noisy strain data of smaller ROIs. For each ROI size, the
constituent properties were obtained from 6 different realizations.
These realizations were in fact ‘windows’ extracted from ROI
1 1 1 described in the previous sections. It should be noted that
realizations extracted from larger ROIs (0:65 0:65 0:65) over-
lapped and as a result, were not fully independent. Table 6 lists
the typical number of represented particles in each ROIs, for com-
posites A0 and B0, along with the RVE size. Corresponding average
relative errors with respect to the exact values were subsequently
derived. Table 7 presents the obtained results along with two-
tailed 95% conﬁdence interval (CI) on the average values for com-
posite A0. The average relative errors for the overall stress on the
boundary of ROIs with respect to that of the whole composite have
also been reported in the table. For the largest ROI (i.e.,
0:65 0:65 0:65), the overall stress is very close to that of the
whole sample. This is due to the fact that the chosen size of ROI
is very close to that of the RVE. For this reason, the average param-
eters are also relatively close to those resulting from the ideal con-
dition (Table 3b). Identiﬁcation using ROI 0:5 0:5 0:5 leads to
satisfactory results, although the overall stress is slightly less accu-
rate than the largest ROI. For the smaller ROIs (i.e., 0:3 0:3 0:3
Table 5a
Identiﬁed parameters and corresponding relative errors () for composite B (ROI 1 1 1).
Method Noise level EpðGPaÞð%Þ mpð%Þ EmðGPaÞð%Þ mmð%Þ
Reference values – 74 0.2 3.5 0.35
VFM Exact data 72.27 (2.4%) 0.212 (6%) 3.56 (1.7%) 0.343 (2%)
VFM 10% 70.83 (4.3%) 0.221 (10.5%) 3.60 (2.8%) 0.341 (2.6%)
RVFM 10% 73.20 (1%) 0.207 (3.5%) 3.53 (0.85%) 0.346 (1.1%)
Table 5b
Identiﬁed parameters and corresponding relative errors () for composite B0 (ROI 1 1 1).
Method Noise level EpðGPaÞð%Þ mpð%Þ EmðGPaÞð%Þ mmð%Þ
Reference values – 74 0.2 3.5 0.35
VFM Exact data 76.10 (2.8%) 0.189 (5.5%) 3.51 (0.3%) 0.339 (3.1%)
VFM 10% 78.95 (6.7%) 0.190 (5%) 3.39 (3.1%) 0.338 (3.4%)
RVFM 10% 75.81 (2.4%) 0.205 (2.5%) 3.52 (0.6%) 0.344 (1.7%)
Table 6
Number of particles in different ROIs.
ROI size 0:1 0:3 0:5 0:65 1 RVE
Number of particles 1 6 25 55 200 60
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stresses increases as the size of the ROI decreases. This is obviously
associated with the fact that the chosen volumes are not large
enough to be a RVE and, therefore, the estimated stresses are con-
siderably different from those of the whole model. This could beTable 7
Average relative error of the identiﬁed parameters for composite A0 from different ROIs (n
Method Ep error ðCIÞ mp error ðCIÞ
ROI 0:65 0:65 0:65
VFM 1.7% (0.7, 2.8) 12.9% (9.7, 16)
RVFM 1.9% (1, 2.8) 8.5 % (6.8, 10)
ROI 0:5 0:5 0:5
VFM 1.6% (0.6, 2.6) 15.9% (6.3, 25)
RVFM 2.0% (0.9, 3.1) 10.0% (7.5, 12)
ROI 0:3 0:3 0:3
VFM 9.4% (4.1, 14.8) 6.9% (4.1, 9.6)
RVFM 11.1% (4.2, 17.8) 10.2% (8.8, 11.4)
ROI 0:1 0:1 0:1
VFM 19.4% (13.9, 24.7) 7.0% (5.6, 8.3)
RVFM 20.2% (15.6, 24.7) 8.9% (4.2, 13.6)
Table 8
Average relative error of the identiﬁed parameters for composite B0 from different ROIs (n
Method Ep error ðCIÞ mp error ðCIÞ
ROI 0:65 0:65 0:65
VFM 3.9% (2.4, 5.5) 6.5% (4.4, 8.7)
RVFM 3.2% (0.8, 5.7) 9.5% (8.0, 11.1)
ROI 0:5 0:5 0:5
VFM 3.7% (2.1, 5.1) 6.2% (4.8, 7.6)
RVFM 3.1% (1.9, 4.2) 7.7% (6.3, 9.0)
ROI 0:3 0:3 0:3
VFM 5.5% (1.1, 10) 7.3% (4.9, 9.5)
RVFM 5.8% (1.4, 10) 10.3% (6.9, 14)
ROI 0:1 0:1 0:1
VFM 25% (21, 29) 6.3% (3.8, 8.9)
RVFM 26% (21, 30) 13.5% (7.6, 16)considered as a source of error in the small ROIs that induces more
uncertainties to the identiﬁcations, when compared with larger
ROIs. This observation can be explained by the fact that the VFM
depends directly on the accuracy of the applied stresses. Moreover,
the RVFM does not improve the accuracy of the parameters, when
compared to the similar case in the larger ROI. In some cases, the
RVFM even degraded the accuracy of the particles parameters,
which was due to the biases created in optimization as a conse-
quence of error in the overall applied stress.
Table 8 lists the average relative errors of the identiﬁed param-
eters as well as the overall stresses resulting from different sizes ofoise level = 10%).
Em error ðCIÞ mm error ðCIÞ Stress error
8.1% (5.8, 9.9) 8.7% (6.1, 10) 1%
1.8% (1.3, 2.2) 2.5% (1.7, 3.4)
7.7% (5.3, 10) 8.9% (7.1, 10.8) 2:1%
1.7% (1.1, 2.2) 2.8% (2.1, 3.6)
12.9% (2.6, 23) 9.4% (5.8, 12.9) 8:83%
3.4% (1.1, 5.8) 2.8% (1.2, 4.2)
16.1% (5.6, 26) 9.0% (6.7, 11.4) 18:7%
5.2% (3.6, 6.7) 4.2% (1.4, 6.9)
oise level = 10%).
Em error ðCIÞ mm error ðCIÞ Stress error
3.3% (1.7, 5.3) 2.9% (2.1, 3.7) 1:8%
0.6% (0.2, 1.0) 1.8% (1.3, 2.2)
3.9% (2.3, 5.4) 3.2% (2.9, 3.5) 2:3%
1.7% (0.7, 2.7) 2.3% (1.6, 2.9)
6.8% (4.3, 9.3) 3.6% (3.2, 3.9) 6:5%
1.4% (0.6, 2.1) 1.2% (0.3, 2.1)
25.5% (19, 32) 3.1% (2.4, 3.8) 25:3%
17.6% (12, 31) 2.7% (2.2, 3.1)
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using the two larger ROIs resulted in satisfactory parameters,
whereas the smaller ROIs led to inaccurate mechanical parameters,
especially regarding the particles phase. It is worth mentioning
that a similar trend, in terms of the accuracy of identiﬁed parame-
ters with respect to ROI sizes, was observed for 2D composites in
Rahmani et al. (accepted for publication). According to the quality
of the resulting parameters, the ROI 0:65 0:65 0:65 could be
considered as the smallest size for both microstructures.
Hence, the optimum size of ROI for a given composite with
spherical particles can be estimated, a priori, using the following
relation
Lopt ¼ NRVEpd
3
s
6c
 !1
3
ð25Þ
where Lopt is the edge length of the optimum ROI, NRVE is the size of
RVE (number of particles in the RVE), ds is the diameter of spheres
and c denotes particles volume fraction. The following relation can
also be deﬁned for the composites including ellipsoidal particles
Lopt ¼ NRVEpde1de2de36c
 1
3
ð26Þ
where de1;de2 and de3 are the ellipsoids diameters in different
directions.
The above deﬁned relationships could be useful for guiding the
experimentalists in deﬁning the optimum size of their ROIs for
accurate properties identiﬁcation of composites with any mechan-
ical or morphological properties.
Finally, it should be noted that besides the remarkable advanta-
ges mentioned, the proposed identiﬁcation approach is very
demanding experimentally as it requires 3D full ﬁeld measured
data at the microscale and effective material properties at the
macroscale.Z
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An identiﬁcation approach based on the Virtual Fields Method
(VFM) has been proposed to determine in situ mechanical
properties of composites constitutive phases in 3D. Moreover, a
Regularized Virtual Fields Method (RVFM) consisting of homogeni-
zation-based constraints was developed so as to regularize the
identiﬁcation procedure and therefore enhance the accuracy of
the identiﬁed parameters. For performance evaluation, the algo-
rithms were applied to 3D noisy full ﬁeld strain ﬁelds of artiﬁcial
particulate composites including different volume fractions and
particles geometries. The obtained results demonstrate the capabil-
ities of the VFM to determine appropriate parameters of 3D
composites in the presence of noisy strain ﬁelds. The RVFM, how-
ever, by taking advantage of regularization effects, leads to more
accurate results. Depending on the type of microstructure in terms
of the particles geometry, appropriate homogenization models
were employed so as to enhance the accuracy of the identiﬁed
parameters.
Different ROIs were tested to investigate the inﬂuence of their
size on the corresponding overall tractions and consequently on
the accuracy of the identiﬁed parameters. It was found that for
ROIs smaller than RVE, neither of the VFM and the RVFM resulted
in appropriate mechanical parameters due to the inadequacy of the
overall tractions on the boundaries. A helpful comprehensive rela-
tionship has also been developed, by which the experimentalists
can efﬁciently determine the optimum ROI size to obtain proper-
ties within an adequate range of accuracy. This study could also
be very useful for estimating, a priori, the required magniﬁcation
of 3D images for composites of any mechanical and morphological
characteristics.Appendix A
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